Several models of inflation with the racetrack superpotential for the volume modulus coupled to a matter field are investigated. In particular, it is shown that two classes of racetrack inflation models, saddle point and inflection point ones, can be constructed in a fully supersymmetric framework with the matter field F -term as a source of supersymmetry breaking and uplifting. Two models of F -term supersymmetry breaking are considered: the Polonyi model and the quantum corrected O'Raifeartaigh model. In the former case, both classes of racetrack inflation models differ significantly from the corresponding models with non-supersymmetric uplifting. The main difference is a quite strong dominance of the inflaton by the matter field. In addition, fine-tuning of the parameters is relaxed as compared to the original racetrack models. In the case of the racetrack inflation models coupled to the O'Raifeartaigh model, the matter field is approximately decoupled from the inflationary dynamics. In all of the above models the gravitino mass is larger than the Hubble scale during inflation. The possibility of having the gravitino much lighter than the Hubble scale is also investigated. It is very hard to construct models with light gravitino in which the volume modulus dominates inflation. On the other hand, models in which the inflationary dynamics is dominated by the matter field are relatively simple and seem to be more natural.
Introduction
What kind of fundamental physics stands behind inflation in the very early Universe? When looking for the answer to the above question one often points towards the string theory. The intensive studies of inflation in the string theory began with the invention of stable de Sitter (dS) vacua in the famous KKLT paper [1] . Construction of such vacua is inevitable for inflationary model building because the inflaton (the field which drives inflation) should end its evolution in this kind of vacuum. The KKLT procedure consists of three steps. In the first step, the dilaton and the complex structure moduli are stabilized in a supersymmetry (SUSY) preserving minimum by turning on some non-trivial fluxes [2] . In the second step, the Kähler moduli, including the volume modulus, are stabilized by some non-perturbative effects such as gaugino condensation or instantons.
1 At this stage SUSY remains unbroken and the vacuum energy is negative. In the last step, the D3-branes are introduced to break supersymmetry and to uplift the minimum to a dS space. However, in the effective field theoretical description the D3-branes break supersymmetry explicitly. This is the main drawback of the KKLT model. The last step of the KKLT mechanism has been improved in the papers [6] - [16] in which dS vacua were obtained due to spontaneous SUSY breaking.
Many models of inflation have been constructed within the KKLT framework [17] . Especially interesting scenarios are those in which the volume modulus plays the role of the inflaton. Such models using a racetrack superpotential for the modulus, involving two non-perturbative terms, were proposed in [18, 19] . With this kind of superpotential two different inflationary scenarios have been realized. In the first of them, inflation takes place in the vicinity of a saddle point of the potential with the axion, associated with the volume modulus, being the inflaton [18] . In the second scenario, the real part of the volume modulus is the inflaton and inflation takes place in the vicinity of an inflection point of the potential [19] . Unfortunately, in both scenarios SUSY breaking and uplifting are due to D3-branes which break supersymmetry explicitly.
Even though many forms of manifestly supersymmetric uplifting have been developed, a vast majority of them have not been applied to inflationary scenarios. To the best of our knowledge only two papers address the issue of spontaneous SUSY breaking in racetrack inflation models. The D-term uplifting [15] of the saddle point racetrack inflation model [18] was performed in [20] . The string theory α -corrections were used to realize saddle point racetrack inflation in a fully supersymmetric framework in [21] . In the latter approach the volume modulus F -term is responsible for uplifting and SUSY breaking.
In the present work we investigate F -term uplifting in both, saddle point [18] and inflection point [19] , racetrack inflation scenarios. We assume that the source of SUSY breaking is a hidden sector matter field. We consider two models of F -term SUSY breaking. The first one is the Polonyi model [22] , while the second one is the quantum corrected O'Raifeartaigh model [23, 8] . In the case of the racetrack inflation model coupled to the Polonyi model, we show that both scenarios (saddle point and inflection point ones) significantly differ from the original ones with D3-brane uplifting. In our scenarios, the matter field dominates SUSY breaking as well as inflationary dynamics. In addition, fine-tuning of the parameters required for successful inflation is relaxed as compared to original models with non-SUSY uplifting, especially in the inflection point scenario. The situation is much different in the case of models coupled to the quantum corrected O'Raifeartaigh model. We find, rather unexpectedly, that the matter field responsible for SUSY breaking can be decoupled from the inflationary dynamics. This is a realization of "pure" F -term uplifting which does not alter significantly any feature of the original model except the fact that supersymmetry is broken spontaneously.
In most of the inflationary models based on the KKLT moduli stabilization, including those described above, the gravitino mass in the post-inflationary vacuum exceeds the Hubble scale during inflation [24] . Typically, the scale of inflation is much larger than the electroweak scale while the gravitino mass sets a lower bound on the scale of SUSY breaking. This implies that such models are incompatible with a TeV-scale supersymmetry. The above mentioned correlation between the scale of inflation and the gravitino mass can be avoided if inflation ends in a SUSY (near) Minkowski minimum [24] . However, it is not easy to construct a model realizing this idea. It was found in [25, 26, 27] that the slow-roll parameter η is smaller than −2/3 for tree-level Kähler potential and arbitrary superpotential so the slow-roll condition |η| 1 is violated. This problem can be cured by adding string corrections to the Kähler potential. With such corrections a triple gaugino condensation model was constructed which accommodates arbitrary small gravitino mass and a high scale of inflation [25] . It was later shown [28] that the number of the gaugino condensates can be reduced to two, as in the standard racetrack model, by admitting (effectively) positive exponents in the non-perturbative terms in the superpotential.
2
A part of the present work is devoted to the investigation of the impact of a matter field on models of volume modulus inflation ending in a SUSY (near) Minkowski minimum. In particular, we study a model with the racetrack superpotential with two positive exponents coupled to a matter field. The main issue we address is whether, and under what circumstances, inflation can be realized without inclusion of any string corrections to the Kähler potential. It occurs that the matter field always plays a dynamical role in inflation and cannot be decoupled.
We propose a model of inflection point inflation in which inflation is totally dominated by the matter field. The advantage of this model is that it can lead to inflation for any combination of the signs of the exponents in the racetrack superpotential. Matter field inflationary models have been constructed before in [31, 32] . However, our model is qualitatively different because it can accommodate an arbitrarily light gravitino.
The model that we propose resembles the one constructed many years ago in [33] . However, the model of [33] involves only the matter field so it is not coupled to the moduli sector. It is very important to study such coupling since the moduli fields are always present in supergravity models if the string theory is assumed to be the underlying theory. The impact of the moduli sector on the well established supersymmetric inflationary models such as chaotic [34] or hybrid inflation [35] was studied in [36, 37, 38, 39, 40] . In typical situations the presence of the moduli spoils inflation or at least significantly constrains the parameter space. Therefore, it is very encouraging that the inflection point model can be naturally coupled to the volume modulus.
The paper is organized as follows. In section 2 general constraints on the stability of dS vacua and slow-roll inflation originating from the Kähler potential are recalled. Section 3 contains a brief review of inflationary models based on the racetrack superpotential. Inflation in such models coupled to a matter field sector is investigated in section 4. Two kinds of scenarios are considered. In the first, the Polonyi field F -term is used to uplift the racetrack potential. In the second, the uplifting is realized by the quantum corrected O'Raifeartaigh model. In section 5 the impact of the matter field on inflationary models admitting low scale of SUSY breaking is analysed. Section 6 contains the summary of our results.
Conditions for Kähler potential
In this section we recall the conditions which a supergravity model has to satisfy in order to allow for stable dS vacua and/or slow-roll inflation. The F-term contribution to the supergravity potential is given by
with G being the standard combination of the superpotential W and the Kähler potential K:
As usually, subscripts on G denote appropriate derivatives,
, while G ij is the matrix inverse to the matrix of the second derivatives G ij .
Conditions for the existence of stable non-supersymmetric Minkowski vacua were found in [41, 42, 43] and generalized to de Sitter vacua in [44] . It was pointed out in [25] that similar analysis can be performed to constrain models of slow-roll inflation. In that work, conditions for viable inflation were found. Those results were then generalized to arbitrary number of fields in [27] . There are similarities between analysis of de Sitter (dS) vacua and slow-roll inflation. Stable dS vacuum requires by definition that the potential has positive curvature in all directions. The situation is very similar in the case of slow-roll inflation with the only difference that the inflaton direction is almost flat but tachyonic. Bearing in mind this small difference, in the following we present conditions for both stable dS vacua and slow-roll inflation. The key quantity in this discussion is the curvature tensor R ijpq of the Kähler manifold which is defined by the metric given by the second derivative of the Kähler potential G ij . The necessary condition for stable dS vacua (or slow-roll inflation) is given by [44, 27] :
where
q is the sectional curvature along the direction of SUSY breaking (i.e. the Goldstino direction) and f i ≡ G i / G is the unit vector defining that direction. We also introduced the quantity G ≡ √ G i G i related in a simple way to the value of the potential:
Notice that the Minkowski vacuum corresponds to G 2 = 3. In [27] the upper bound on the slow-roll parameter η (which is defined as the lowest eigenvalue of the η-matrix) was found in terms of the sectional curvature along the Goldstino direction 3 :
3 We use a notation which differs from that used in [27] , where quantity γ ≡ V /(3e G ) was introduced. These notations are related by
where is the second slow-roll parameter which should be very small during inflation. The condition (3) (as well as (4)) in its full generality is very complicated. However, it can be a source of many useful informations for some specific Kähler geometries. First of all, in a model with only one field, say T , condition (3) reduces to:
where R T is the curvature scalar of the Kähler manifold. For T being the volume modulus with the Kähler potential:
the curvature scalar equals R T = 2/3. Therefore, condition (5) implies that for the above Kähler potential and arbitrary superpotential neither a stable Minkowski or dS vacuum nor slow-roll inflation can be constructed. This shows how powerful the constraints on the curvature of the Kähler manifold can be. One can show that in models with the Kähler potential (6) the trace of the η-matrix equals −4/3 at any non-SUSY stationary point [25] . Therefore, the parameter η is always smaller than −2/3, as can be seen from (4). Since condition (5) does not depend on the superpotential, the only way to overcome above difficulties is to modify the Kähler potential. Restricting to the one field only, one can add subleading corrections to (6) such as α [45] or string loop corrections [46] . Inflationary models incorporating such corrections were constructed in [21, 25, 28] . Instead of invoking correction to the Kähler potential one may consider additional fields in the theory. In this paper we analyze models in which inflation and supersymmetry breaking are driven by two fields, the volume modulus and a matter field Φ. Whether the addition of a matter field can help in fulfilling the necessary condition (3), depends on the structure of the Kähler potential. One way of coupling a matter field to the modulus is to use the following no-scale Kähler potential:
However, in this case the Kähler manifold is a maximally symmetric coset space with a constant curvature R(f i ) = 2/3 [42] . Therefore, the matter field does not change the curvature and slowroll inflation cannot be realized 4 . Another class of models for which condition (3) is relatively simple is that for which the Kähler potential is separable into a sum of terms, each depending only on a single field. In such a case the necessary condition for slow-roll inflation reduces to:
where R i are the scalar curvatures of the one dimensional submanifolds associated with each of the fields and Θ 2 i ≡ G ii f i f i (no summation over i or i) are the spherical coordinates parameterizing SUSY breaking [41] . They satisfy the condition i Θ 2 i = 1 following from the fact 4 In fact, if the D-terms contribute to SUSY breaking, condition (3) can be somewhat relaxed [43] . In [20] such situation was explicitly realized by uplifting racetrack inflation model [18] using D-terms and Kähler potential of the form (7) . In the present paper we neglect contribution from the D-term potential.
that f i is a unit vector. A simple example of a model with separable Kähler potential is the one with the volume modulus coupled to the canonically normalized matter field:
For a canonically normalized field, the scalar curvature R Φ vanishes, so condition (8) can be rewritten as:
So, it is clear that the matter field contributing to SUSY breaking can help in constructing a stable dS vacuum and slow-roll inflation. In the limiting case Θ T → 0, when the matter field very strongly dominates SUSY breaking, the necessary condition (10) is satisfied independently of the value of G 2 .
Volume modulus inflation with racetrack superpotential
In this section we describe two models of inflation driven by the volume modulus T = t+iτ which were proposed in [18] and [19] . Both models have the same basic structure. The superpotential has the racetrack form:
and the Kähler potential is given by the tree level formula (6) . A non-supersymmetric uplifting term:
originating from D3-branes is used to obtain the correct value of the vacuum energy. Even though both models have the same elements, different parts of the parameter space are explored in each case leading to significantly different inflationary scenarios. Therefore, we discuss these models separately in the following subsections.
Saddle point inflation
The first model of volume modulus inflation was proposed in [18] . In that model inflation takes place in the vicinity of a saddle point of the potential (located at τ = 0). The inflaton, which is mainly the axion τ , rolls down slowly towards one of the minima at τ = 0. The shape of the inflationary part of the potential is shown in figure 1 . The potential is Z 2 -symmetric in the inflaton direction τ ↔ −τ . This leads to a generic upper bound for the spectral index n s 0.95, as was pointed out in [19, 47] . The key ingredient of that model is the uplifting term (12) . An obvious reason to include such a term is the resulting possibility to adjust the cosmological constant in the post-inflationary vacuum. However, the positive contribution to the cosmological constant is not the only role of the uplifting term (12) . It is also crucial for the stability of the vacuum and the possibility of long enough slow-roll inflation for the following reason: The uplifting term (12) explicitly breaks supersymmetry, so the constraint (5) on the Kähler geometry is no longer valid. Without this term the model would be fully supersymmetric so for the Kähler potential (6) neither stable dS (or Minkowski) vacuum nor slow-roll inflation could be constructed (as was discussed in the previous section). This model requires also some fine-tuning of the parameters and of the initial conditions. The flux parameter A must be adjusted with the precision of order 10 −4 .
Inflection point inflation
It was pointed out in [19] that within models with the racetrack superpotential (11) also inflection point inflation can be realized. In such scenario the field t plays the role of the inflaton while τ = 0 during and after inflation. The construction of that model relies on the fact that for some region of the parameter space the potential without uplifting has two AdS local minima, as shown in figure 2 . The minimum at larger value of the volume t is deeper than the one at smaller volume. The uplifting term (12) is used to lift both minima to dS spaces. The value of E is chosen in such a way that the minimum at larger volume has positive but almost vanishing cosmological constant. The minimum at smaller volume is more strongly lifted and acquires a large cosmological constant. It is lifted also more strongly than the local maximum separating both minima. So, for strong enough lifting, this local maximum and the minimum at smaller volume may disappear. With appropriate tuning of the parameters one can obtain a very flat inflection point where inflation can take place 5 . The spectral index predicted by that model depends on the number of e-folds of inflation N [48, 49, 50, 19] and lies in the range 0.93 n s 1. The smallest value n s ≈ 0.93 can be obtained in the limit of very large N .
Characteristic feature of that model is the relation between the fine-tuning (of parameters and initial conditions) and the height of the barrier separating the vacuum from the run-away region [28] . Namely, more fine-tuning of the parameters (and also of initial conditions) is required for a higher barrier. It was found in [28] that the inflaton does not overshoot the The potential for τ = 0 before (dashed line) and after (solid line) uplifting by the non-SUSY term (12) in the model of inflection point inflation [19] .
barrier if the fine-tuning of parameters (e.g. A) is at least at the level of 10 −8 . This fine-tuning is much stronger than in the saddle point inflation model recalled in the previous subsection.
In both models described in this section, the uplifting term (12) is crucial for obtaining both a stable dS or Minkowski vacuum and a region suitable for slow-roll inflation. The main drawback of both models is that this uplifting term explicitly breaks supersymmetry. One of the main goals of the present work is to construct fully supersymmetric versions of the above two models. Instead of the explicitly non-supersymmetric uplifting term (12), a hidden sector matter field will be used as a source of uplifting and SUSY breaking.
Racetrack inflation with uplifting from matter fields
The possibility of constructing dS vacua with the help of hidden sector matter fields was suggested first in [6] . In this section we investigate viability of inflationary models based on the racetrack superpotential (11) with supersymmetric uplifting provided by a matter field. We investigate models for which the superpotential and the Kähler potential are sums of terms depending on the volume modulus, T , and the matter field, Φ:
where W (T ) and K (T ) are given by (11) and (6), respectively. As we will show later, it is enough to consider the Φ-dependent part of the superpotential having a simple linear form
In the following subsections we investigate two different forms of K (Φ) . For both of them inflationary models can be constructed but the dynamics of inflation differs significantly.
Polonyi uplifting
We start with the canonical Kähler potential for the matter field:
The model with such Kähler potential and the superpotential (14) is the well-known Polonyi model of supersymmetry breaking [22] . In that model one can find, for appropriate choice of the parameters, a SUSY breaking Minkowski minimum at
where we expressed the complex matter field in terms of its real components as Φ = φ + iθ.
One can expect that after coupling the Polonyi model to the modulus sector, the vev of Φ will be not much different from that given in (16) . This was explicitly verified in [7, 51] where moduli stabilization in the KKLT model coupled to the Polonyi model was studied. The moduli stabilization is a local problem in a sense that the only issue which matters is the stability of the potential at a Minkowski (or dS) stationary point. On the other hand, the problem of constructing an inflationary model involves also the global structure of the potential. The reason is that the Minkowski vacuum and the inflationary region are in separate domains of the field space. A priori one cannot be sure that there always exists a trajectory connecting these two regions. It is especially not obvious that such a trajectory exists when one increases the dimensionality of the field space by introducing a matter field. Therefore, the possibility of successful moduli stabilization with the non-SUSY uplifting substituted by the matter uplifting does not immediately imply that also inflation can be realized with this new form of uplifting. Nevertheless, we found that it is possible to construct both inflationary models based on the racetrack superpotential coupled to the Polonyi model. In what follows we present examples of such models.
Inflection point inflation with Polonyi uplifting
We apply the Polonyi uplifting first to the inflection point model [19] . This case is easier to investigate because the imaginary parts of the fields are settled at τ = θ = 0 during and after inflation and the inflationary dynamics is described effectively by only two real fields t and φ (all four real fields will be involved in the saddle point inflation described in the next subsection).
To illustrate the main features of the model we consider an example with the following set of parameters:
where W 0 ≡ A + c 0 is the sum of the field-independent terms generated by fluxes and present in W (T ) and W (Φ) . The value of µ 2 is chosen to adjust the cosmological constant in the postinflationary vacuum. The potential in the (t-φ)-plane is shown in figure 3 . Inflation takes place in the vicinity of a very flat inflection point located at t inf ≈ 54. (4) is not an obstacle in realizing slow-roll inflation. Indeed, there are 3 positive eigenvalues of the η-matrix at the inflection point: η 2 ≈ 0.87, η 3 ≈ 223, η 4 ≈ 334 (of course η 1 vanishes at the inflection point). Moreover, the second slow-roll parameter is small enough to allow for inflation:
Equations of motion describing the evolution of the fields are collected in the Appendix. Using (A.6) we numerically evolved the fields initially set at the inflection point with vanishing velocities. The obtained evolution corresponds to about 111 e-folds of inflation. It can be seen from figure 3 that inflation proceeds along the valley (mainly) in the φ-direction. After violation of the slow-roll conditions at t end ≈ 56.71, φ end ≈ 0.635, the inflaton rolls down (first mainly in t-direction which becomes unstable at φ ≈ 0.62) towards Minkowski vacuum located at t vac ≈ 70.07, φ vac ≈ 0.5619, where the evolution ends after a period of oscillations. Supersymmetry breaking at the Minkowski vacuum, similarly as near the inflection point, is dominated by the matter field (Θ 2 Φ | vac ≈ 0.966). Thus, the necessary condition (3) for the stability of the Minkowski vacuum is easily satisfied.
We computed also the CMB signatures for this model (appropriate formulae can be found in the Appendix). The parameters (17) were chosen in such a way as to generate the density perturbations with the amplitude δρ ρ ≈ 2 · 10 −5 consistent with COBE measurements (this will be the case also for all other examples presented in this paper). We found the spectral index n s ≈ 0.95 at the COBE normalization scale corresponding to about 55 e-folds before the end of inflation. This value is consistent with the 5-year WMAP result n s = 0.96 ± 0.013 [52] . We checked that for parameters other than (17) the value of the spectral index can be approximated, with the precision better than one percent, by the analytic formula:
where N tot is the total number of e-folds during inflation starting exactly at the inflection point while N e is the number of e-folds between the time when a given scale crosses the horizon and the end of inflation. The above formula was derived in [48, 49, 50, 19] for one-field inflection point inflation. It occurs that inclusion of the matter field does not alter significantly the prediction for the spectral index. We calculated also the tensor to scalar perturbations ratio, r ≈ 10 −7 , and the running of the spectral index,
. These values are negligible from the observational point of view.
The important lesson which follows from this example is that it is possible to realize inflection point inflation without non-SUSY uplifting (12) . However, some features of the model with SUSY broken by the Polonyi field are substantially different from that of the original model [19] . First of all, in the present model the volume modulus no longer plays the role of the inflaton. The main component of the tachyonic mass eigenstate during inflation is the field φ (at the inflection point this mass eigenstate has the components (t, φ, τ , θ)=(0.1438, 0.9896, 0, 0)). The mass squared eigenvalues during the period of slow-roll inflation are: m
, where the subscripts denote the main component of a given mass eigenstate. One can see that the volume modulus, t, and the axion associated with it, τ , are at least one order of magnitude heavier than the imaginary component of the matter field, θ. The pattern of masses at the Minkowski vacuum is similar:
GeV) 2 (of course there is no any tachyonic state at the vacuum). The gravitino at the Minkowski vacuum is very heavy: m 3/2 ≈ 2 · 10 11 GeV. Such a large gravitino mass is a characteristic feature of models with a deep AdS minimum before uplifting. In such models the gravitino mass is related to the scale of inflation and typically exceeds the value of the Hubble constant during inflation, as was pointed out in [24] . In our example H ≈ 10 11 GeV so it is indeed smaller than the gravitino mass. Notice that all non-tachyonic scalars have during inflation masses bigger than the Hubble scale H, so in the model with the parameters (17) no substantial isocurvature perturbations are generated.
The second important difference of the present model as compared to the model [19] with non-SUSY uplifting is that the fine-tuning of the parameters is no longer strictly related to the overshooting problem. In order to quantify this fine-tuning, we introduce the following quantity:
where W 0 min (W 0max ) is the minimal (maximal) value of the parameter W 0 for which one can obtain at least 60 e-folds of inflation and the spectral index in the range 0.92 no inflection point at φ > 0 Table 1 : Dependence of various quantities on the parameter c. The parameter µ 2 is always adjusted to keep vanishing cosmological constant at the minimum while W 0 is always finetuned in order to have a very flat inflection point appropriate for inflation. Other parameters are chosen as in (17) up to a constant which multiplies all of the superpotential parameters in order to satisfy COBE normalization.
barrier separates inflection point from Minkowski vacuum which separates the inflationary inflection point from the Minkowski vacuum. Even though the parameter W 0 is adjusted to arrange for a very flat inflection point at φ < 0, the slow-roll conditions are also satisfied for a relatively large range of positive values of φ. In consequence, the inflaton evolves longer in the slow-roll phase as compared to the case of inflation starting at φ > 0. Since the slow-roll trajectory is longer, the inflection point can be less flat in order to obtain at least 60 e-folds of inflation. This results in smaller fine-tuning of W 0 (i.e. bigger value of ∆). One can see this in table 2. The value of ∆ decreases when the ratio |c/d| grows because the region at φ > 0 becomes less flat and more e-folds have to be generated very close to the inflection point at φ < 0. Nevertheless, in any case inflation starting at φ < 0 requires less fine-tuning and ∆ can be even of the order 10 −3 . However, bigger values of ∆ are associated with bigger values of G 2 . This in turn implies that the necessary condition (3) becomes more stringent which results in a smaller mass of θ field during inflation. For this mass being smaller than the Hubble scale isocurvature perturbations would be produced. This is not necessarily a problem because it depends on the details of reheating whether this type of perturbations survive or not. On the other hand, isocurvature perturbations can be a source for adiabatic perturbations and can alter the value of the spectral index in a way which is hard to guess without a detailed analysis [53] . This kind of analysis is beyond the scope of this paper but it would be interesting to see whether the spectral index would be still compatible with the WMAP data after taking into account the isocurvature perturbations.
Saddle point inflation with Polonyi uplifting
We now investigate the saddle point model [18] with the non-SUSY uplifting term (12) replaced with the Polonyi sector. For a numerical example we choose the following set of parameters:
where µ 2 is again adjusted to cancel the cosmological constant in the post-inflationary vacuum. For the above set of parameters inflation can take place in the vicinity of the saddle point located at:
The η-matrix at this saddle point has three positive eigenvalues, η 2 ≈ 4.49, η 3 ≈ 40.3, η 4 ≈ 45.9, and one negative, very small eigenvalue η 1 ≈ −0.014. The unstable direction is (t, φ, τ , θ)=(0, 0, -0.4565, 0.8897), so the inflaton is a mixture of the imaginary parts of the fields with a somewhat bigger contribution from the matter field. This is different from the situation in the original model [18] in which τ was the inflaton. SUSY breaking during inflation is dominated by the matter field. The contribution from the volume modulus is small, Θ 2 T | inf ≈ 0.16, but about one order of magnitude bigger than in the inflection point model of subsection 4.1.1. This can be understood as follows. The inflationary inflection point arises from a minimum which was supersymmetric before uplifting. The position of the inflection point is very similar to the position of that minimum. The volume modulus F -term vanishes at the SUSY minimum, so it is also very small at the inflationary inflection point. The situation is different in the case of a saddle point in which SUSY is broken already before uplifting. Since the uplifting only mildly affects the position of the saddle point, the volume modulus F -term is comparable before and after uplifting. In consequence the contribution of the volume modulus to SUSY breaking at the inflationary saddle point is non-negligible. A bigger contribution of the modulus field to the goldstino direction results in a bigger value of the corresponding sectional curvature. For the saddle point we obtained R(f i ) ≈ 0.018 which is two orders of magnitude bigger that in the inflection point model. Nevertheless, inflation in the present model can be realized because G 2 has a relatively small value during inflation. At the saddle point it is G 2 | inf ≈ 3.8, so R(f i ) is significantly smaller than 2/ G 2 during inflation and the condition (3) is satisfied. The potential has two Minkowski vacua at:
Supersymmetry breaking at these minima is again dominated by the matter field. This dominance in the vacuum is much stronger than during inflation. The contribution from the volume modulus at the vacuum, Θ eigenvalues:
GeV. The components of the matter field are about one order of magnitude lighter than the volume modulus and the axion. The gravitino mass at the Minkowski minima, m 3/2 ≈ 6 · 10 11 GeV, is bigger than the Hubble scale during inflation H ≈ 10 11 GeV. The mass of the real component of the matter field is smaller than the masses of the volume modulus and the axion also at the inflationary saddle point: m
Of course, the inflaton (dominated by the imaginary component of the matter field) is tachyonic: m 2 θ inf ≈ −(3 · 10 10 GeV) 2 . All non-tachyonic scalar fields have during inflation masses larger than the Hubble scale, so the isocurvature perturbations are strongly suppressed in this model.
Comparing (21) with (22) one can see that the values of all the fields are different during and after inflation. This is the reason why it is not possible to plot the global picture of the potential. Therefore, in figure 5 we show the inflationary trajectories of all the fields. These trajectories were obtained by solving numerically equations of motion (A.6) with the fields set initially at rest close to the saddle point: θ ini = 0.005, τ ini = 0, t ini = t saddle , φ ini = φ saddle . With these initial conditions inflation lasts about 77 e-folds and ends in one of the Minkowski minima.
The parameters (20) satisfy the COBE normalization and give the amplitude of the density perturbations δρ ρ ≈ 2 · 10 −5 . The spectral index about 55 e-folds before the end of inflation has a value n s ≈ 0.95, which is very similar to that found in the original model [18] with non-SUSY uplifting. We computed the value of the spectral index for many various choices of the parameters and found that it is in a good agreement (at the level of one per mill) with the following approximate analytic formula developed in [19, 47] :
where η sad is the value of the slow-roll parameter η at the saddle point while N e is the number of e-folds between the time when a given scale crosses the horizon and the end of inflation. The above formula was derived under the assumption that inflation is dominated by one field, say x, and the potential is invariant under the transformation x → −x. In the present model the inflaton is a combination of two fields, θ and τ , but the potential is invariant under the transformation: θ → −θ, τ → −τ . This is the reason why the formula (23) works well. Therefore, the bound n s 0.95 which follows from (23) with N e = 55 is indeed the robust prediction of the saddle point racetrack inflationary models independently of the form of uplifting. We also found unmeasurably small values of the tensor to scalar perturbation amplitudes ratio r ≈ 10
and the running of the spectral index
. In order to obtain the spectral index compatible at the 3σ level with the 5-year WMAP data [52] one needs fine-tuning of the parameter W 0 at the level ∆ ≈ 2 · 10 −3 . Thus, the part of the parameter space allowing for phenomenologically acceptable inflation is bigger than in the original model [18] with non-SUSY uplifting in which W 0 has to be fine-tuned at the level of 10 −4 . We checked also that the required fine-tuning is comparable for different sets of parameters of the superpotential.
We end this subsection with the conclusion that the Polonyi field can be considered as a source of uplifting and spontaneous SUSY breaking in inflationary models based on the racetrack superpotential. In such models the Polonyi field is usually lighter than the volume modulus and its imaginary part becomes the main component of the inflaton. The main advantage of these models as compared to models with non-SUSY uplifting is that the fine-tuning required for successful inflation is reduced, especially in the case of the inflection point inflation.
O'uplifting
Now we turn our attention to models with the following Kähler potential for the matter field:
A model described by the above Kähler potential and the superpotential (14) with c 0 = 0 can be treated as an effective quantum corrected O'Raifeartaigh model [23, 8] with the superpotential
in which the fields X and Y are assumed to be heavy and are integrated out [8] . The correction to the canonical Kähler potential originates from the expansion of the one loop expression K
1, where parameter c 1 is of order one.
Comparing this expansion with (24) one obtains Λ 2 = 16π 2 m 2 c 1 λ 4 . In order to guarantee that the expression for the one loop Kähler potential is a good approximation, one has to assume that m 2 λµ 2 [8] . This condition also assures that the fields X and Y vanish at the minimum of the resulting potential. In addition it is assumed that 
Notice that this curvature is negative in the region where the Kähler metric is positive. So, in the case in which the matter field dominates SUSY breaking the necessary condition (3) can be satisfied independently of the value of G 2 . Thus, by coupling this model to the volume modulus one can improve stability of the Minkowski vacuum and increase the upper bound (4) on the parameter η in a more efficient way (i.e. with a smaller contribution of the matter field to SUSY breaking) than in the case of a canonically normalized matter field.
In [54] a model with the Kähler potential (24) and the superpotential (14) was proposed. It was shown that for an appropriate choice of the parameters a SUSY breaking Minkowski minimum can exist. In the limit Λ 1 such a minimum occurs at
i.e at a very small value of the matter field: φ min Λ 1. It was found in [8] that the position of this Minkowski minimum is not significantly shifted after coupling that model to the volume modulus. Notice that after integrating out the heavy fields X and Y from the full O'Raifeartaigh model with the superpotential W (O ) (25) , the effective superpotential is given by W (Φ) (14) with the vanishing constant term c 0 (however, the constant term originating from fluxes is still present in W (T ) ).
In the limit Λ → ∞, Kähler potential (24) reduces to the canonical one used in the Polonyi model discussed before. However, we are interested now in the case Λ 1. In contrast to the Polonyi model, the value of the field Φ should be much below the Planck scale φ Λ 1. This hierarchy is a source of some features of the mass matrix of the modulus-matter system which will prove to be very important for the inflationary dynamics. Before discussing these features it should be stressed that they arise not only for the racetrack superpotential (11) but for any generic superpotential W (T ) describing the modulus sector. The diagonal entries of the mass matrix in the matter field sector are enhanced because m All other off-diagonal entries vanish for τ = θ = 0 (this is true during inflation also for all other inflationary racetrack models considered in this paper). Thus, the mass matrix is nearly diagonal and there is negligible mixing between the volume modulus and the matter field. In addition, the matter field is heavier than the volume modulus so it is possible to approximately decouple the matter field from the inflationary dynamics. Nonetheless, one cannot neglect the matter field completely because it contributes to SUSY breaking. This is very desirable because the matter field F -term provides an effective uplifting term e K (Φ) |D Φ W | 2 /(T + T ) 3 in the scalar potential. The magnitude of the matter field F -term is controlled by the parameter µ 2 so one can use this parameter to cancel the cosmological constant in the post-inflationary vacuum. In addition, the contribution of the matter field to SUSY breaking is important for the stability of the model because it reduces the sectional curvature along the direction of SUSY breaking R(f i ). As we shall see in the following examples, after coupling the racetrack model to an effective O'Raifeartaigh model, R(f i ) can be small enough to satisfy the constraint (3) at the Minkowski minimum as well as in the inflationary region.
Inflection point inflation with O'uplifting
We first apply the just discussed O'uplifting to a model in which inflation takes place in the vicinity of an inflection point. The superpotential is given by the sum of (11) and (14) while the Kähler potential is the sum of (6) and (24) . For a numerical example we choose the following set of parameters:
where again W 0 = A + c 0 . The resulting potential has an inflection point and a Minkowski minimum both at τ = θ = 0, so the imaginary parts of the fields can vanish during and after inflation. Thus, the inflationary dynamics becomes effectively 2-dimensional (if we do not use initial conditions with non-zero values or velocities in τ and θ directions). The potential in the (t-φ) plane is shown in figure 6 . The inflationary inflection point is situated at t inf ≈ 95.69, φ inf ≈ 3.097 · 10 . This implies that the scale of inflation is a few orders of magnitude smaller than in the previously discussed models with a canonically normalized matter field. Indeed, we obtain H ≈ 2 · 10 8 GeV. Such scale of inflation is still much too high to admit low energy SUSY breaking. As expected, the gravitino mass is of the same order as H: m 3/2 ≈ 2 · 10 8 GeV.
In order to get more predictions of the model we solved numerically the equations of motion (A.6) and obtained the following results. Inflation lasts about 176 e-folds. As seen from figure 6, the barrier is high enough to stop the inflaton which eventually settles in the Minkowski vacuum at t vac ≈ 109.2, φ vac ≈ 2.12 · 10 −3 . Matter field contribution to SUSY breaking at this minimum is very similar to the corresponding contribution during inflation Θ We argued earlier that in this model the volume modulus should be lighter than the matter field during and after inflation. We found the following mass eigenvalues during slow-roll inflation: m
≈ (10 10 GeV) 2 , and at the Minkowski minimum:
θ ≈ (7 · 10 9 GeV) 2 . As expected, the volume modulus is lighter but the difference is not big.
Our model does not significantly differ from the original one proposed in [19] except the fact that SUSY in the post-inflationary vacuum is broken spontaneously by the matter field. The unstable direction at the inflection point is given by the vector (t, φ, τ , θ)=(0.999, -0.051, 0, 0) and has only marginal contribution from the matter field. So, t is the inflaton as in the original model. This decoupling of the matter field follows from the strong suppression of One of the consequences of the decoupling of the matter field is that the solution of the overshooting problem requires extreme fine-tuning as in the original model [19] with non-SUSY uplifting. The parameters (27) were chosen in such a way that the height of the barrier is just enough to prevent the inflaton from running away to infinite volume. The fine-tuning of the parameter W 0 required for successful inflation is found to be ∆ ≈ 10 −9 . Thus, the finetuning is even stronger than in the original model [19] with non-SUSY uplifting from D3-branes. The difference follows from the fact that uplifting from D3-branes is proportional to 1/t 2 while effective uplifting from the matter field scales like 1/t 3 . Therefore, effective uplifting from matter field decreases faster with t and in consequence the height of the barrier is smaller. The barrier can be made higher only when C/D is made larger and/or |c − d| is made smaller. However, this kind of change of parameters results in stronger fine-tuning required for phenomenologically acceptable inflation, as was explained in [28] . 
Saddle point inflation with O'uplifting
The potential as a function of t and τ for small fixed values of φ and θ is shown in figure 7 and looks similar to the potential in the original model [18] with non-SUSY uplifting (shown in figure 1 ). The inflationary saddle point is located at:
The η-matrix at this saddle point has 3 positive eigenvalues: η 2 ≈ 18.3, η 3 ≈ 1126, η 4 ≈ 1126, and one very small, negative one: η 1 ≈ −0.000282. The inflaton direction (t, φ, τ , θ)=(0, 0, 0.9999, -0.0066) is very strongly dominated by the axion τ as in the original racetrack model [18] with non-SUSY uplifting. In contrast to the models considered in the previous subsections, the contributions of the matter field and the volume modulus to SUSY breaking at the saddle point are comparable:
Nevertheless, the sectional curvature along the SUSY breaking direction, R(f i ) ≈ −143, is negative and the necessary condition for slowroll inflation (3) is satisfied independently of the value of G 2 . There are two Minkowski minima situated at:
SUSY breaking at these minima is dominated by the matter field: Θ 2 Φ | vac ≈ 0.962. The eigenvalues of the mass matrix are as follows:
The volume modulus is a bit lighter than the matter field in contrast to the saddle point model coupled to the Polonyi field. The gravitino mass at the Minkowski minima is m 3/2 ≈ 5 · 10 10 GeV and, as expected, exceeds the Hubble scale during inflation H ≈ 2 · 10 10 GeV. The mass spectrum at the inflationary saddle point is similar to that at the vacuum: m
The mass of the second lightest scalar field during inflation is much larger than the Hubble scale so this model does not predict generation of substantial isocurvature perturbations.
We solved numerically equations of motion (A.6) with the fields initially set at rest close to the saddle point: τ ini = 0.1, θ ini = 0, t ini = t saddle , φ ini = φ saddle . The trajectory for the volume modulus is shown in figure 7 . Inflation lasts about 303 e-folds. After inflation fields roll down towards one of the Minkowski minima where they eventually settle down after a period of oscillations.
We checked that the spectral index is well approximated by the analytic formula (23) . For the parameters (28) its value 55 e-folds before the end of inflation is n s ≈ 0.94. As in the previous models discussed in this paper, the tensor to scalar perturbations ratio and the running of the spectral index are very small. In this case r ≈ 10 −9 ,
The success of inflation relies on an appropriate choice of the parameter W 0 . For the parameters (28) necessary fine-tuning is ∆ ≈ 6 · 10 −4 so it is comparable to the original model [18] with non-SUSY uplifting. We checked that the value of ∆ is not sensitive to changes of other parameters.
Consistency conditions
In order to treat a model with the Kähler potential (24) as an effective quantum corrected O'Raifeartaigh model, some consistency conditions have to be satisfied. They can be summarized as follows:
In our examples the value of |Φ| 2 during and after inflation does not exceed 10 −5 . Hence, assuming for a moment that λ is of order one, the first condition in (31) implies m 2 
10
−5 . The second condition is more restrictive because both models considered in this section have a high scale of inflation and in consequence µ 2 is rather large. In the saddle point model µ 2 ∼ 10
while in the inflection point model, in which the scale of inflation is a bit lower, µ 2 ∼ 10 −6 . This implies that m 2 should be rather large but still well below the Planck scale, as required by the third condition in (31) . Once m and Λ are fixed, λ is no longer a free parameter because
. This implies that also Λ should have a relatively big value. Since m 2 cannot be too small because of the second condition in (31), a very small value of Λ would lead to the violation of the condition λ 4π. As an example of a consistent set of parameters we chose m 2 = 10 −3 and Λ = 10 −1 . For c 1 = 1, one obtains λ ≈ 2 which is indeed of order one and also still much smaller than 4π. Therefore, all consistency conditions can be satisfied.
To summarize, both models under consideration can be uplifted by an effective quantum corrected O'Raifeartaigh model provided that Λ and m 2 are not too small (but for consistency they must be much below 1). In these models the matter field is heavier than the volume modulus and the mixing between the matter field and the volume modulus is suppressed. Therefore, the matter field is almost decoupled from the inflationary dynamics and most of the features present in the original models [19] and [18] with non-SUSY uplifting are recovered.
Inflation and the scale of SUSY breaking
In all models discussed in the previous section the gravitino mass in a post-inflationary vacuum is much bigger than the electroweak scale. This is a generic feature of string inspired inflationary models. It was pointed out in [24] that in typical models based on the KKLT moduli stabilization the value of the gravitino mass exceeds the Hubble scale during inflation. Most of string motivated models constructed so far, including those discussed in the previous section, have the scale of inflation much bigger than the electroweak scale. Therefore all of these models predict the energy scale of SUSY breaking inaccessible at the LHC.
The possible solution to this problem was suggested in [24] . If inflation ends in a SUSY Minkowski minimum the gravitino mass vanishes independently of the scale of inflation. However, in that case there is no uplifting (or it is very small). The tree-level Kähler potential for the volume modulus (6) violates necessary condition (5), so inflation cannot be realized, as was shown in [25] . It was proposed in [25] that the condition (5) can be satisfied once α [45] and/or string loop [46] corrections are added to the Kähler potential. With these corrections successful models of inflation with a TeV range gravitino mass were constructed. The first model proposed in [25] contains three non-perturbative terms in the superpotential. In [28] it was found that the form of the superpotential, allowing for a successful inflation, can be simplified when one admits positive exponents in the gaugino condensation terms. With that assumption two gaugino condensation terms or even one such term with threshold corrections are enough to accommodate high scale inflation and a low scale of SUSY breaking [28] .
In the one-field case, investigated in [25, 28] , adding the string corrections to the Kähler potential results in an increased trace of the η-matrix. For large enough corrections the trace of the η-matrix can become positive, so inflation can be realized. In other words, the string corrections to the Kähler potential stabilize the direction orthogonal to the inflaton (there is just one such direction in the one complex field case). Since the string corrections affect only the Kähler potential, the SUSY Minkowski minimum remains unaffected by these corrections. Therefore, including the string corrections to the Kähler potential is a generic mechanism stabilizing the direction orthogonal to the inflaton.
Seeking volume modulus inflation
We address now the question if inflation ending in a SUSY Minkowski minimum can be realized when the volume modulus is coupled to the matter field and no string corrections to the Kähler potential are included. Let us first concentrate on the case in which the volume modulus is the main component of the inflaton field. In principle, one could hope that the matter field will play a similar role to the one played by the string corrections in the one-field case. Namely, it may modify sectional curvature in the Goldstino direction R(f i ) at the inflationary region in such a way that the condition (3) can be satisfied. However, in this case things are much more complicated since the matter field enters not only the Kähler potential but also the superpotential. Moreover, in order to modify R(f i ) the matter field has to contribute to SUSY breaking at the inflationary region. For example, for a canonically normalized matter field the condition necessary for inflation (8) gives the following lower bound on the matter field contribution to SUSY breaking:
Typical values of G are significantly larger than √ 3. In all models proposed in [25] and [28] the value of G 2 at the inflationary point is of order 10. Therefore, the F -term for the matter field at the inflationary region should be comparable or even larger than the corresponding F -term for the volume modulus. At the same time, contribution of the matter field to the SUSY breaking at the minimum should be strongly suppressed. This is because the starting point (before including the matter field) is a minimum with (almost) vanishing cosmological constant. Therefore, large positive contribution of the matter field F -term to the potential would generate a large positive cosmological constant at the minimum. This is obviously not desirable from the phenomenological point of view. In order to have so different values of the F -terms at the inflationary point and at the minimum, one should use a very specific form of the superpotential for the matter field. In the previous section we investigated models with the linear superpotential (14) for the matter field. We have learned from that analysis that for such superpotential the matter field contributions to the SUSY breaking at the minimum and at the inflationary point are comparable. This is what we want to avoid in the present case. The linear superpotential for the matter field is not appropriate, so we assume a quadratic one:
For the above superpotential, a solution to the SUSY preserving condition ∂W (Φ) /∂Φ ≡ W (Φ) Φ = 0 exists at Φ = Φ 0 . In the following we investigate a few models with the above superpotential and different forms of the matter field Kähler potential.
First we consider the Kähler potential (24) of the quantum corrected O'Raifeartaigh model with Λ 1. The matter field F -term in this case is
In the limit Λ 1 the matter field Φ is heavier than the volume modulus and remains approximately constant during and after inflation. Therefore, if W (Φ) Φ vanishes at the minimum then it is also very small at the inflationary region and does not contribute to SUSY breaking. Moreover, the Kähler metric is positive definite only for |Φ| < Λ/2 1, so the second term in F Φ is also very small. Hence, we conclude that in that case the matter field does not significantly contribute to SUSY breaking at the inflationary region and inflation cannot proceed without the string corrections.
Let us now turn our attention to the case of the Kähler potential (15) which gives canonical kinetic terms for the matter fields. In the previous section we have seen that in such a case, in models with the vacuum obtained by uplifting a SUSY AdS minimum, the inflaton is no longer the volume modulus alone but rather a mixture of it with the matter field. One may expect that also in models with inflation ending in a SUSY Minkowski minimum, a canonically normalized matter field may play an important role in the inflationary dynamics. To verify this expectation we studied models of inflection point inflation proposed in [28] coupling them to a matter field instead of using the string corrections to the Kähler potential. It occurred that whether inflation ending in a SUSY Minkowski minimum can be realized depends on details of a model. We constructed a model based on the racetrack superpotential (11) with two positive exponents 6 . However, we were not able to construct any inflationary model with one negative exponent in the racetrack superpotential (11) in contrast to a corresponding model with the string corrections and without the matter field [28] (inflation in the model with two negative exponents cannot be realized even with the string corrections [25] ). Moreover, in a model in which inflation is possible (the one with two positive exponents) there are some restrictions on its parameters. Below we present this model in some detail.
The scalar potential is given by
whereÃ ≡ A + µ 2 (φ − φ 0 ) 2 and φ 0 ≡ ReΦ 0 . The imaginary part of Φ 0 was chosen to vanish in order to have a SUSY (near) Minkowski minimum at the real value of Φ. During the whole period of inflation the axions are fixed at zero so in the above formula we set τ = θ = 0. We illustrate the main features of the model by considering an example with the following set of parameters:
The parameter A is chosen in order to satisfy:
which is the condition for the existence of a SUSY Minkowski minimum. This minimum is situated at:
With the parameters (35) this corresponds to t Mink ≈ 120.03 and φ Mink = 1. The mass matrix at any SUSY Minkowski minimum is always positive definite [55] . It was also shown in [55] that the off-diagonal entries of the mass matrix are proportional to the value of the gravitino mass. Therefore, the mixing between the fields at the SUSY (near) Minkowski minimum is strongly suppressed. In the vacuum, the mass of the volume modulus, m t ≈ m τ ≈ 10 11 GeV, is much smaller than that of the matter field, m φ ≈ m θ ≈ 10 13 GeV. However, this hierarchy is not preserved along the inflationary trajectory because SUSY is broken in the inflationary region. The inflationary inflection point is situated at t inf ≈ 98.96 and φ inf ≈ −0.3476. The vanishing eigenvalue of the η-matrix corresponds to the direction (t, φ) = (0.3612, −0.9325) so the inflaton is a mixture of the volume modulus and the matter field with a domination of the latter 7 . Other 3 eigenvalues of the η-matrix at the inflection point are positive: η 2 ≈ 0.62, η 3 ≈ 26.3, η 4 ≈ 31.1. The stability of the directions orthogonal to the inflaton are due to the fact that the SUSY breaking at the inflection point is dominated by the matter field: Θ 2 Φ | inf ≈ 0.85. The sectional curvature along the SUSY breaking direction is R(f i ) ≈ 0.0142 and G 2 | inf ≈ 8.7 so the necessary condition 3 for successful inflation is satisfied. The slow-roll parameter ≈ 10 −9 at the inflection point is small enough to allow for long lasting inflation. The numerical integration of the equations of motion (A.6) shows that inflation, starting with the fields initially set at rest at the inflection point, ends after about 187 e-folds. It can be seen from figure 9 that after inflation there are very rapid oscillations in the t direction. During these oscillations and for some time after they are damped, the matter field φ evolves relatively slowly towards the SUSY (near) Minkowski minimum located at φ Mink = 1 where it starts to oscillate with the initial amplitude of about 0.1. During the matter field oscillations the volume modulus is practically at rest at t = t Mink .
The CMB signatures of this model are similar to other models of inflection point inflation. The parameter set (35) satisfies COBE normalization (A.7) for the amplitude of density perturbations. The spectral index equals n s ≈ 0.94 and agrees with the formula (18) . The tensor to scalar perturbations ratio and the running of the spectral index are again negligible from the observational point of view.
Let us now discuss requirements for successful inflation in the considered model. Similarly Figure 9 : The evolution of the fields in the last stage of inflation as a function of e-folds N for the model defined by the parameter set (35) .
to the original model (without the matter field but with the string corrections) proposed in [28] , one needs to fine-tune one parameter in the superpotential to assure flatness of the inflection point. In the present example we choose for that purpose the parameter C which should be fine-tuned at the level ∆ ≈ 10 −4 to allow for inflation longer than 60 e-folds. So, the fine-tuning is weaker than in the original model without the matter field in which the parameter C must be adjusted with the precision at the level of 10 −5 [28] .
Beside the fine-tuning of the parameter C making potential flat, there is also a constraint on the parameter φ 0 which defines the position of the SUSY (near) Minkowski minimum. We found that inflation ending in such a minimum can be realized only for a rather small range of values of φ 0 around 1. The reason is as follows: The value of |φ| at a typical stationary point (e.g. our inflationary inflection point) is smaller, or even much smaller, than unity because of scaling of the potential (34) by the factor e φ 2 which originates from the Kähler potential (15) . On the other hand, the position of a SUSY Minkowski minimum is determined solely by the structure of the superpotential, so it may occur at arbitrary value of φ. The potential grows exponentially with φ 2 so if a SUSY Minkowski minimum occurs at |φ 0 | 1 then there exists a barrier for |φ| < |φ 0 | which separates this SUSY Minkowski minimum from the inflationary inflection point located at small φ. In such a case the inflaton evolves towards a minimum 8 which is situated between the inflationary inflection point and the SUSY Minkowski minimum. The structure of the corresponding potential is shown in figure 10 . The value of |φ 0 | must not be substantially bigger than unity in order to avoid a barrier between the vacuum and the inflection point. On the other hand, |φ 0 | can not be very small because in such a case the 8 The vacuum in which inflaton ends its evolution for |φ 0 | 1 is typically of AdS type if the parameters satisfy the condition (36) for the existence of a SUSY Minkowski minimum. When one relaxes the condition (36) the cosmological constant at this vacuum can be canceled with an appropriate tuning of the parameter A. However, even though this vacuum can be Minkowski, the gravitino mass there is of the order of the Hubble scale, which makes that scenario less interesting. 15 with φ 0 = 1.5. The parameter D is tuned to assure the existence of a very flat inflection point, the parameter A is chosen such that the potential has a SUSY Minkowski minimum. The remaining parameters are chosen as in (35) .
contribution of the matter field to SUSY breaking at the inflationary inflection point would not be enough to overcome the constraint (10) . It can be seen from table 3 that for too small |φ 0 | the potential at the inflection point is unstable in the direction being the mixture of the axions. In the presented example the axionic direction is stable at the inflationary inflection point and there is no problem of the barrier separating that point from the vacuum for 0.9 |φ 0 | 1.02. So, the position of the SUSY Minkowski minimum should be chosen with the precision at the level of 1 part in 10.
A detailed analysis of the potential (34) shows that the axionic direction becomes more stable when the ratio |c/d| deviates more from unity. This can be seen in table 4 (left). The axionic direction is also more stable for the value of c very close to that of d. However, smaller differences between c and d seems to be less natural because the fine-tuning of the parameter C required to obtain more than 60 e-folds of inflation is stronger in such cases. Finally, only for large enough values of µ 2 the axionic direction can be stable, as can be seen from table 4 (right). This is rather intuitive because µ 2 controls the magnitude of the matter field F -term so for small values of µ 2 the contribution of the matter field to the SUSY breaking is to small to satisfy the necessary condition (10) .
We should also add that for many sets of the parameters which allow for inflation, the second smallest eigenvalue of the η-matrix corresponding to the axionic direction is much smaller than unity and in consequence the corresponding mass eigenvalue is smaller than the Hubble scale during inflation. In such cases the quantum fluctuations of this axionic direction can give rise to isocurvature perturbations which can significantly affect the power spectrum of the CMB [53] . One can enlarge the eigenvalue of the η-matrix corresponding to the axionic direction by increasing µ 2 , increasing the difference between c and d or by taking |φ 0 | close to the maximal value for which inflation ends in a SUSY (near) Minkowski minimum. This can be seen from 10 GeV during inflation is larger than the Hubble scale H ≈ 7 · 10 10 GeV so the isocurvature perturbations are not significantly produced.
Matter field inflation
In the model presented in the previous subsection the matter field plays an important role in the inflationary dynamics and one cannot realize "pure" volume modulus inflation ending in a SUSY (near) Minkowski minimum. Therefore, since the matter field has to contribute to the inflationary sector anyway it seems sensible to investigate models in which SUSY breaking at the inflationary inflection point and the whole inflationary dynamics is dominated by the matter field.
The main problem of the model considered in the previous subsection is the existence of the barrier at |φ 0 | 1 which separates the inflationary inflection point from a SUSY (near) Minkowski minimum. From the viewpoint of inflation driven by the matter field this feature of the potential is an advantage because for appropriate choice of φ 0 one can obtain a very flat inflection point. The inflationary inflection point appears for a value of |φ 0 | slightly smaller than the one for which a barrier arises. Interestingly, that kind of model can be constructed for any combination of signs of the exponents c and d in (11) . Moreover, independently from the signs of the exponents inflation can be realized in the vicinity of the inflection point situated at |φ inf | 1 for |φ 0 | ≈ 1. The similarities between models with different sign assignments follows from the fact that inflection point inflation can be realized in a model with the superpotential (33) without the inclusion of the volume modulus sector. That kind of model was proposed long time ago [33] . The scalar potential for the matter field in that model is given by:
For φ 0 = 1 the first and the second derivative of the above potential at φ = 0 vanish. This implies that inflation ending in a SUSY Minkowski minimum at φ ≈ 1 can be realized in the vicinity of an inflection point located at very small values of φ. After coupling the model to the volume modulus sector with the superpotential (11) the scalar potential is given by (34) . We found that the inclusion of the volume modulus sector only mildly affects the original model (38) . In order to illustrate this we present an example of a model coupled to the KL model with the following set of parameters:
The potential in (t, φ) subspace is shown in figure 11 . The parameter A is chosen as to guarantee the existence of the SUSY (near) Minkowski minimum which occurs at t Mink ≈ 99.29
and φ Mink ≈ 1.04572. Inflation takes place in the vicinity of the inflection point which is situated at t inf ≈ 96.55 and φ inf ≈ 0.0617. The SUSY breaking at this inflection point is strongly dominated by the matter field: Θ 2 Φ | inf ≈ 0.9981. The sectional curvature along the SUSY breaking direction is very small: R(f i ) ≈ 2 · 10 −6 . So, the necessary condition (3) for the stability of the directions orthogonal to the inflaton is easily satisfied. The η-matrix at the inflection point has 3 positive eigenvalues: η 2 ≈ 3.88, η 3 ≈ 6375, η 4 ≈ 6387. The remaining, vanishing eigenvalue corresponds to the direction (t, φ)=(0.0426, 0.9991), so the matter field is the main component of the inflaton. The second slow-roll parameter, , has at the inflection point a very small value of the order of 2 · 10 −9 . Starting with the fields set initially at rest at the inflection point, one obtains about 102 e-folds of inflation which ends in a SUSY (near) Minkowski minimum. The inflationary trajectory is shown in figure 11 .
The spectral index depends on the number of e-folds obtained during inflation and is well approximated by the formula (18) . In the example with the parameters (39) we found n s ≈ 0.94 and unmeasurably small values of the tensor to scalar perturbation amplitudes ratio and the running of the spectral index. This model does not predict generation of the isocurvature perturbations since the second smallest eigenvalue of the η-matrix, η 2 , during inflation is larger than unity.
The model considered in this subsection requires the fine-tuning of the position of the SUSY Minkowski minimum φ 0 which has to be chosen with the precision ∆ ≈ 10 −5 in order to get more than 60 e-folds of inflation. In addition, the parameter µ 2 cannot be larger than some critical value (depending on the values of other parameters) above which inflaton overshoots the SUSY Minkowski minimum and runs away to the region of infinite volume. This constraint corresponds to an upper bound on the mass of the matter field (controlled by µ 2 ). The reason for the existence of such a bound is as follows: The inflationary inflection point occurs at smaller volume than the SUSY (near) Minkowski minimum, i.e. t inf < t Mink . If the volume modulus is much heavier than the matter field, the value of t does not differ significantly between the inflationary inflection point and the SUSY Minkowski minimum. The distance in the t direction between the inflection point and the Minkowski minimum, t Mink − t inf , grows when the mass of the volume modulus decreases (as compared to the mass of the matter field). Also the distance in the t direction between the inflection point and the barrier, t bar − t inf , grows in such a case. As a result, the difference between the values of the potential at the inflection point and the barrier becomes bigger (due to the prefactor t −3 present in the potential (34)). In consequence, for a too light volume modulus the height of the barrier becomes to small and the inflaton overshoots the SUSY Minkowski minimum. Numerical calculations show that the mass of the matter field should be at least about two times smaller than the mass of the volume modulus in order to avoid overshooting of the SUSY (near) Minkowski minimum. In the example used in this subsection the mass of the matter field m φ ≈ m θ ≈ 6 · 10 11 GeV is much smaller than the mass of the volume modulus m t ≈ m τ ≈ 2 · 10 13 GeV so the overshooting problem is absent.
The presented example assumes KL model of moduli stabilization. However, we would like to emphasize that very similar models can be constructed also for positive exponents in nonperturbative terms in the racetrack superpotential (11) . Moreover, if at least one exponent is positive then inflation may end in a SUSY (near) Minkowski minimum for any value of the parameter µ 2 .
Since in this section we focus on models with a very light gravitino, in our numerical example the parameter A is tuned in order to have a SUSY (near) Minkowski minimum. However, inflation can be realized also without this tuning i.e. with the standard non-SUSY uplifting of the form (12) generating a large gravitino mass of the order of the Hubble scale. Moreover, if one gives up a light gravitino, one does not need to introduce two non-perturbative terms in the superpotential -one gaugino condensate of the standard KKLT model [1] is enough. Therefore, we conclude that the inflection point model with the superpotential (33) can be easily coupled to the volume modulus sector. This result is not very sensitive to the choice of the moduli stabilization mechanism.
Modular weights
We now study the situation in which the matter field has non-vanishing modular weight. In such a case the Kähler potential is given by:
where n is a positive integer. Notice that the Kähler potential is no longer separable and generates a non-diagonal Kähler metric. In consequence, the curvature tensor of the corresponding Kähler manifold has non-vanishing mixed components. From the explicit formulae for all components (collected in appendix B) one can infer some useful information. Namely, the components of the curvature tensor with less than two T -indices vanish for any n = 0. Since we focus on a model in which the Goldstino direction f i at the inflationary point is dominated by the Φ-direction, we expect that the main contribution to R(f i ) comes from terms proportional to the components of the curvature with zero and one T -index. Therefore, R(f i ) should remain very small also for n = 0 in favor of slow-roll inflation.
We confirmed our expectations by the numerical analysis. Using KL model for moduli stabilization, we found that one can construct very flat inflection point also for a non-vanishing modular weight. In such a case, the inflationary scenario is very similar to the one with a canonically normalized matter field. The position of the SUSY (near) Minkowski minimum, as well as the position of the inflationary inflection point, in terms of canonically normalized matter field Φ can ≡ Φ (T +T ) n/2 , is typically of the same order for any n. The following comment on the n = 1 case is in order. The corresponding Kähler potential (40) can be obtained from the expansion of the no-scale Kähler potential (7) for |Φ| 2 /(T +T ) 1. In the n = 1 model inflation takes place for |Φ| 2 /(T + T ) 1. So, one could naively expect that the model with the superpotential (7) should have properties similar to the model with the superpotential (40) for n = 1. However, this is not the case. The overall contribution of the subleading terms in the expansion of (7) is important and results in the constant curvature R(f i ) = 2/3 of the corresponding Kähler manifold so the necessary condition (3) is violated [42] .
Conclusions
Our goal has been to construct supersymmetric models of inflation involving the volume modulus and a matter field. The primary purpose of including the matter field was to use its F-term to uplift the energy of the vacuum to a small positive value. In most of the models proposed so far, the uplifting was achieved by adding some terms which break SUSY explicitly (e.g. terms associated with D3-branes). The uplifting can be realized in a fully supersymmetric way if the matter field is used. There is also another very important role of the matter field. Contributing to SUSY breaking, it can stabilize the directions perpendicular to the inflaton, some of which are usually tachyonic in supersymmetric models involving only moduli.
We concentrated on models in which the superpotential and the Kähler potential can be written as sums of terms depending on just one field, the volume modulus T or the matter field Φ. For the volume modulus contributions we used the standard no-scale Kähler potential and the superpotential of the racetrack form. We investigated several models with different Kähler potentials and superpotentials for the matter field looking for such values of the parameters which can support a period of long enough slow roll inflation. Two scenarios have been considered. In one of them inflation takes place when the fields have values close to a saddle point of the potential. In the second scenario they are close to an inflection point.
We found that it is relatively easy to construct models of inflation if one does not insist on having a low scale of SUSY breaking. The superpotential for the matter field may have a simple form linear in Φ. We considered two Kähler potentials for the matter field: the canonical one and the canonical one with a correction proportional to (ΦΦ) 2 . In these two cases the matter sector is the same as in the Polonyi model or in the quantum corrected O'Raifeartaigh model, respectively. For both cases we presented examples of saddle point and inflection point inflation. The models of inflection point inflation can be treated as effectively involving only two real fields because the imaginary components of the modulus and the matter field can be set to zero during and after inflation. All four real fields are to be taken into account in the case of the saddle point inflation models.
The main difference between models with different matter sectors is the role of the matter field in the inflationary dynamics. In models with the Polonyi uplifting, the inflaton is a mixture of the modulus and the matter field with a bigger contribution from the latter. For the case of the O'Raifeartaigh uplifting, the matter field is decoupled from the inflationary dynamics and the inflaton can be almost a pure modulus field.
In all models SUSY breaking at the inflationary region is dominated by the matter field but the strength of this dominance changes from case to case. It is much stronger for the inflection point models as compared to the saddle point ones. Within each type of models (inflection point or saddle point) the dominance of matter field SUSY breaking is stronger for the Polonyi uplifting. The reason is that the matter field submanifold has vanishing curvature for the Polonyi model while it is negative for the O'Raifeartaigh one. In the inflection point inflation models, the volume modulus contribution to SUSY breaking is at the level of one (a few) percent in the case of the Polonyi (O'Raifeartaigh) uplifting. In the saddle point models this contribution is typically bigger by one order of magnitude. For the saddle point model with the O'uplifting the contribution to SUSY breaking from the modulus may be even comparable to that of the matter field.
In the inflationary region there are three scalars with positive masses squared and one tachyonic state. In all the model investigated in this paper the inflaton and the lightest nontachyonic state are dominated by two components of the same complex field (the modulus or the matter field). We found that the value of the inflationary Hubble constant is smaller than the masses of all scalar fields (other than the inflaton), so the isocurvature perturbations are suppressed. This suppression is stronger in models with O'uplifting.
The fine tuning of the superpotential parameters necessary to obtain a long enough period of inflation depends on the model. In the case of the saddle point models this fine tuning varies between a few times 10 −4 (O'uplifting) and a few times 10 −3 (Polonyi uplifting), so it is somewhat weaker than for analogous models with non-SUSY uplifting (typically at the level of 10 −4 ). From the point of view of fine tuning the Polonyi uplifting seems to be better than the O'uplifting. This feature is more pronounce in the inflection point scenario. O'uplifting requires the constant term in the superpotential to be adjusted with the precision at the level 10 −9 which is worse than 10 −8 typical for inflection point models with non-SUSY uplifting. Using the Polonyi uplifting allows to decrease necessary fine tuning by four or even five orders of magnitude to the level 10 −4 − 10 −3 .
Another goal of the paper has been to construct models of inflation ending in SUSY (near) Minkowski minimum. The main motivation for building such models is that they predict a low scale of SUSY breaking in contrast to the models with uplifting summarized above. This kind of models involving only the volume modulus have been constructed before [25, 28] . However, in those models the string corrections to the Kähler potential have to be taken into account in order to decrease the curvature of the Kähler manifold and fulfill the necessary condition for slow-roll inflation. In the present paper we addressed the question whether the contribution to SUSY breaking from the matter field could decrease the curvature of the Kähler manifold in such a way that inflation could be realized without inclusion of any string corrections to the Kähler potential. In particular, we investigated a model with the racetrack superpotential with two positive exponents. We assumed quadratic superpotential for the matter field which is the minimal choice allowing for the existence of SUSY Minkowski minimum. We found that inflation in such model can be realized if one parameter from the modulus sector is finetuned with the precision at the level of 10 −4 . However, the matter field dominates the inflaton field so "pure" volume modulus inflation cannot be achieved. Moreover, the parameter space of the matter field sector allowing for inflation is significantly constrained. In addition, the demand for the absence of significant isocurvature perturbations puts some extra constraints on the parameter space of the model because for many parameter sets the mass of the lightest non-tachyonic state during inflation is smaller than the Hubble scale.
We found that it is much easier to construct models of inflation ending in a SUSY (near) Minkowski minimum if the inflaton is totally dominated by the matter field. In such a case one only needs to fine-tune the vev of the matter field. Inflation can be realized for any combination of signs of the exponents in the racetrack superpotential including two negative ones which correspond to the KL model of moduli stabilization. However, in the case of KL model the volume modulus cannot be lighter than the matter field. Otherwise the inflaton would overshoot the SUSY Minkowski minimum and evolve towards the region of infinite volume. It is not necessary to restrict to the canonical Kähler potential for the matter fields because similar models can be also constructed for non-vanishing modular weight of the matter field. In the models with inflation dominated by the matter field masses of all non-tachyonic states are much bigger than the Hubble scale during inflation so the generation of the isocurvature perturbations is strongly suppressed.
The spectral index in all models discussed in this paper depends on the specific choice of parameters but cannot take arbitrary values. Its allowed values depend on whether inflation takes place in the vicinity of an inflection point or a saddle point. In the former case spectral index is bounded from below n s 0.93, while in the latter case it is bounded from above n s 0.95. In any case the parameters can be chosen as to fit the WMAP5 data. The tensor to scalar perturbation ratio and the running of the spectral index predicted by all models under consideration are unmeasurably small.
In summary, our investigation shows that in models admitting a low scale of SUSY breaking it seems to be much more natural to consider the matter field, rather than the volume modulus, as the inflaton. On the other hand, if one does not insist on a low scale of SUSY breaking, the volume modulus is also a very good candidate for the inflaton. In particular, the volume modulus can dominate inflation in the racetrack models uplifted by the matter field F -term even though the matter field dominates SUSY breaking. Since the matter field sectors that we used in this work are described by superpotentials and Kähler potentials of very simple forms, we believe that in more realistic constructions, rigorously derived from the string theory, the F -term uplifting of racetrack inflation would be also accomplished. We hope that our analysis will be a useful guideline for the future work.
The equations of motion resulting from the above action read: It is convenient to study the field evolution using the number of e-folds, N , related to the scale factor and the cosmic time by:
Using the above definition and eq. (A.3), the equation of motion (A.2) may be rewritten [32] in the form:
where denotes derivatives with respect to N . Every inflationary model has to satisfy the COBE normalization [56] :
where k 0 ≈ 7.5H 0 is the COBE normalization scale which leaves the horizon approximately 55 e-folds before the end of inflation and P R is the amplitude of the scalar perturbations given, in the slow-roll approximation, by the following formula:
(A.8)
The r.h.s. of the above equation is evaluated at the time when the scale k crosses the horizon and is the generalized slow-roll parameter: 9) where V i ≡ ∂V ∂φ i . Very important observable is the spectral index defined as follows:
The last approximation comes from the fact that this quantity is evaluated at horizon crossing k = aH = He N which implies d ln k ≈ dN . The spectral index can be also expressed in terms of slow-roll parameters as n s ≈ 1 + 2η − 6 . The generalized slow-roll parameter η is the smallest eigenvalue of the η-matrix [57] :
B Curvature tensor for non-diagonal Kähler metric
In this appendix we compute a curvature tensor for a non-diagonal Kähler metric defined by the Kähler potential (40) for the matter field with a non-vanishing modular weight. General formula for the curvature tensor for the Kähler manifold reads:
The non-vanishing components of the curvature tensor derived from the above formula using the Kähler potential (40) (T +T ) n . Notice that many components of R ijpq vanish including all of those with less than two T -indices.
